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Abstract 

Let V be an ^-dimensional Euclidean space. Let G C 0(V) be a 
finite irreducible orthogonal reflection group. Let A be the corresponding 
Coxeter arrangement. Let S be the algebra of polynomial functions on V. 
For H £ A choose an € V* such that H = ker(a_rf). For each nonnegative 
integer m, define the derivation module D^ m '(^4) = {8 6 Ders | 9(aH) £ 
Sqjj}- The module is known to be a free S'-module of rank £ by K. Saito 
(1975) for ra = 1 and L. Solomon-H. Terao (1998) for m = 2. The main 
result of this paper is that this is the case for all m. Moreover we explicitly 
construct a basis for D (m \A). Their degrees are all equal to mh/2 (when 
m is even) or are equal to ((m — l)h/2) + m,i(l < i < t) (when m is 
odd). Here mi < ■•■ < me are the exponents of G and h = me + 1 is the 
Coxeter number. The construction heavily uses the primitive derivation 
D which plays a central role in the theory of flat generators by K. Saito 
(or equivalently the Frobenius manifold structure for the orbit space of 
G.) Some new results concerning the primitive derivation D are obtained 
in the course of proof of the main result. 

Mathematics Subject Classification (2000): 32S22, 05E15, 20F55 



1 Introduction 



Let V be a Euclidean space of dimension I over R. Let A be a central 
arrangement of hyperplanes in V : A is a finite collection of one-codimensional 
subspaces of V. Let S be the algebra of polynomial functions on V. The algebra 
S is naturally graded by S — ® q >oS q where S q is the space of homogeneous 

* partially supported by the Grant-in-aid for scientific research (No. 1144002), the Ministry 
of Education, Sports, Science and Technology, Japan 



polynomials of degree q. Thus Si — V* is the dual space of V. Let Derg be the 
S'-module of R-derivations of S. We say that 9 G Derg is homogeneous of degree 
q if 9{S\) C S q . Choose for each hyperplane H G A a linear form an G V* such 
that H = ker(a^f). Let 

(1) D (m )(„4) = {9e Der s | 9{a H ) S Sag for any H G A} 

for each nonnegative integer m. Elements of D^ m \A) are called m-derivations 
which were introduced by G. Ziegler pkj . Then one has a sequence of inclusions 



The arrangement A is called free [OrT, Chapter 4] when DW(.A) = D(A) is a 
free S'-module. 

From now on we assume that A is a Coxeter arrangement : A is the set 
of reflecting hyperplanes of a finite irreducible subgroup G of 0(V) generated 
by orthogonal reflections. Then G naturally acts on V* and S. Let S G be the 



algebra of G-invariant polynomials. Then it is classically known [Bou, V.5.3, 
Theorem 3] that there exist algebraically independent homogeneous polynomials 
fi: • ■ • ; fe G S with deg/i < ••• < degfi, which are called basic invariants, 
such that S G — R[/i, • • • , fe]- Write f = (/i, • • • , fe)- Let X\, ■ ■ ■ , xg be a basis 
for V* and <9i be partial derivation with respect to xc diixj) — Sij (Kronecker's 
delta). Let K be the quotient field of S. The primitive derivation D G Der^ 
is characterized by 



Dfi 



1 for i — £. 
otherwise. 



The derivation D is, up to a constant multiple, independent of choice of basic 
invariants fx, ■ ■ ■ ,f t gi| 2.2], |Y§ (1.6)]. For g = ( 5l , • • • ,g t ) £ let J(g) 



be the Jacobian matrix with respect to x = (xi, ■ ■ ■ ,xe)'- J(g)^ = digj(l < 
i,j < Let D k x = (D k x 1 , • • • , D k xe), where D k = DoDo- ■ -oD (composition 
of k times). Define T G GLe(M.) by = (xi,Xj), where ( , ) stands for the 
G-invariant positive definite symmetric bilinear form V*. The main results of 
this paper are: 

Theorem 1.1. For any nonnegative integer k, the i x i-matrix J(D k x) is in- 
vertible. For each nonnegative integer m define an I x l-matrix P m by 



Pn 



jrj(D k x)- 1 (ifm= 2k is even), 

\rj(D k x)- 1 J(f) (ifm= 2k+ 1 is odd). 



Define .. G Der s £j = XlLi P« ^ / or 1 - J - ^ w ^ ere P« « s ^ e 
{i,j)-entry of P m . Then & G D( m )(.4), and D^ m \A) is a free S-module with 
basis £i, . . . , i?ac/j ^ is homogeneous of degree kh (when m — 2k) or of degree 
kh + mj (when m — 2k + I) for i — 1, . . . , ^, where h is the Coxeter number and 
mi, • ■ • , are the exponents of G. 
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Let Q := Y\ HeA a H £ S. 

Theorem 1.2. Let k be any nonnegative integer. Then det J(£) fc x) is a nonzero 
multiple of Q~ 2k . 



Corollary 1.3. 

D k x u D k x 2l --- 



Let k be any nonnegative integer. Then the I rational functions 
,D k xe are algebraically independent. 



Remark 1.4. For m = 1, Pi = TJ(f), D^U) = D(A) and Theorem \U\ was 
first proved by K. Saito Sail , Theorem], |Ter| , Theorem2]. In ot her words, the 
Coxeter arrangement is a free arrangement. For m = 2, Theorem 1.1 was proved 
in |SoT, Theorem 1.4]. Theorem 1.2 and Corollary 1.3 for k 

Corollary 1.3 for k 



Theorem 
Corollary 3.32] 



in JgoT 

Solomon in fjoTj in 1964 



1 were also proved 
1 had been conjectured by L. 



Remark 1.5. The definition (g) of D^^A) is due to G. Ziegler ^ Definition 
4] who developed the theory of multiarrangements. 



Remark 1.6. The original motivation to study the module D^ m \A) came from 
the study of the extended Shi arrangements and the extended Catalan arrange- 
ments. Suppose that G is a Weyl group. Choose a crystallographic root system 
in V* and choose the linear forms an so that ±au is a root for each H 6 A. 
Let n = \ A\ and a\, . . . ,a n E V* be a system of positive roots. Let Hi tP be the 
affine hyperplane defined by a.{ — p for p E Z and 1 < i < n. Let fc > 1. Define 
the extended Shi arrangement |Shi I [Sbi2||Ath2] 



A l-k+i,k] ._ ^ Hip \ l<i< n ,~k+l<p<k}, 
and the extended Catalan arrangement 

A \-k,k] ._ { H . p \ l<i< n ,-k<p<k}. 



For these arrangements the characteristic polynomials []OrT , p. 43] are known 
[[PojlPStl HAthlj §7.1-7.21 |Ath2[ to decompose nicely as: 



i 

X {A^ k ' k \t) = Y[(t-kh-mi), 



when G is of type A, B, C, D. This result is obtained by direct calculation us- 
ing the classification of Weyl groups. The same formulas are conjectured to 
be true for the other Weyl groups. We are led to study the module D^(A) 
to understand the meaning of these roots kh, . . . ,kh (for ^I-^ 1 ^"]) and kh + 
mi, . . . , kh + mi (for ,4[~ fe ' fc l) for the characteristic polynomials. Let A be either 
an extended Shi arrangement or an extended Catalan arrangement. A conjec- 



ture due to Edelman and Reiner [EdR, Conjecture 3.3] states that the cone [OrT 
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p. 14] cA is a free arrangement with exponents {1, kh, . . . , kh} (for A- fe + 1 >'"']) 
or {l,kh + mi,... ,kh + mi} (for A [ - k < k] ) ]OrT| , Definition 4.15, Definition 
4.25]; the module D(cA) is a free module over R[xo,... ,x{\. Athanasiadis 
[Athl] verified this conjecture for type A;. If the conjecture is true, then, 
by Ziegler's criterion, which will be stated as Theorem 3.1, we may conclude 
that D( 2fe )(„4) is a free module with generators of degrees {kh, kh, . . . , kh} (for 
j^[-k+i,k]^ anc j ^hat D^ 2k+1 ^(A) is a free module with generators of degrees 
{kh + mi,kh + m 2 , . . . , kh + mi} (for A^-~ k ' k ^) which is true by our main result, 
Theorem |l.l|. So Theorem |l . l| may be regarded as a piece of evidence supporting 
the conjecture. 



2 Notation and preliminaries 

In this Section we fix more notation and state preliminary facts which will 
be used later. A finite irreducible orthogonal reflection group G acts on an 
^-dimensional Euclidean space V. Then G acts on the dual space V* contragra- 
diently. In other words, 

(gx,v) = (x,g~ 1 v) 

for x G V"*, v G V and g G G when ( , ) denotes the natural pairing of V and 
V*. The symmetric algebra S = S(V*) of V* over R can be identified as the R- 
algebra of all polynomial functions on V. The contragradient action of G on V* 
extends to the action on S by (gf){v) = f(g~ 1 v) for / £ S, g € G and v G V. 
Each element of the graded S- module Derg is an K.-derivation of S, i.e., an 
R-linear map 6 : S — > S satisfying the Leibniz rule: Oififc) = /i0(/2) +/2#(/i) 
for fi,f 2 E S. The action of G on Der s is defined by (g0)(f) = giOig' 1 /)) for 
g G G, 9 G Derg and / G S. The group G naturally acts on the quotient field 
K of S by 

g(h/h) = G?/i)/G?/ 2 ) 

for fx G S, h G S\ {0} and g G G. When fx G S p and f 2 G S q \ {0} define 
deg(/i//2) = p — q. For a matrix A of any size with entries in K, Aij is the 
(i,j)-entry of A. Let A T denote the transpose of A. Let g G G. Define the 
matrix g[A] by 

9[A]ij =9(Aij)- 

Choose a basis Xx, ■ ■ ■ ,xg for V* and R-derivations d\,...,dt G Derg such 
that 

di(xj) = 5ij 

for 1 < i,j < t. Then deg9i = and Derg is a free S-module with basis 
d\, . . . , di. The invertible matrix p(g) G GL^(R) is defined by 

£ 

(2) ffEj = X^fok? 3 *' 

i=l 
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or <?[x] = ~x.p{g). Then 



9 d i = P^)ji d i 



One can symbolically express this as 
(3) (gdi, . . . , gdi) = (di, 



,d e )(p(g) T )-\ 



Let ( , ) denote the positive definite bilinear form on V* inverse to the form on 
V . Recall the I x ^-matrix T — [(xi, Xj)]. For g € G, we have 



(4) 



r 



p(.g) T rp(g). 



Choose basic invariants fi, . . . ,fi E S with deg/i < • • • < deg/^. Let rrii — 
deg fi — 1 for i = 1, . . . Then the integers mi , . . . , mi are the exponents of 



G. Since G is irreducible, one has [Bor, V.6.2] 

1 = mi < mi < • • • < TO£_i < mi. 



Let h denote the Coxeter number: h = mi + 1 [Bou, V.6.2, Theorem 1]. Then 
we have the duality of exponents [Bou, V.6.2]: 



mi + mj — h (if i + j = I + 1). 
Write f = (fx, .... fi). Then, for g G G, we have 



(5) 



By [Bou, V.5.5, Proposition 6 (ii)] we have 



(0) 



det J(f) = Q. 



Here and elsewhere = stands for equality up to a nonzero constant multiple. 

Let Der#- be the set of M-derivations of K. The primitive derivation D is 
defined to be the unique derivation satisfying Dfi = 0(1 < i < £ — 1) and 
Dfi = 1. Since 

d = YtP*i)di 

we have 

i 

5u = Df k = :'<>,!) 

i=i 

Thus Dx = (Dxi, . . . , Da;;) is equal to the bottom row of the matrix J(f) _1 : 
(7) J{i)j? = D Xj (j = !,...,£). 
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By (||) we know that Q{Dxj) G S for 1 < j < £. For k > 0, an M-linear 
map D k : K — > ii" is denned by composing Z) fc times. Agree that I? is the 
identity map. Then D k Xj has no pole outside the reflecting hyperplanes. Since 
deg(Dxj) = — 772 ^ = —h + f unless Dxj = 0, one has 

(8) deg(d i D k x j ) = -kh 

unless diD k Xj — 0. For D k x = (D k xi, . . . , D k xt) and g 6 G, we obtain 
g[D k x] = (D k x)p{g) and 

(9) 9[J{D k *)] = p{g)- x J{D k *)p{g). 



Remark 2.1. The primitive derivation D is, up to a nonzero constant multiple, 
independent of choice of basic invariants /i, . . . , ft Sai2, 2.2], [pYS, (1-6)]. The 
derivation D is called the primitive vector field by K. Saito in [ |5ai5[ and plays a 
central role in his theory of flat generators and primitive integrals [3ai2| [3ai5|. 
(See Remark 3.7 (ii).) 



Suppose that another basis x[, . . . ,x' £ for V* is connected with x\ , . . . , xt 
through an invertible matrix M G GLi(M.): 



(10) 



<4 = E M < 



or x' = xM. The new objects, which arc defined using the new basis x'i, . . . , x'g, 
will be denoted by d[, V, J' etc. Then one can symbolically express 

(11) (d' 1 ,...,d' i ) = (d 1 ,...,d e )(M T )- 1 

We also have 



(12) 
(13) 
(14) 



r' 



M T TM 



J'(f) = Af- J J(f) 
J'(D k x') = M~ 1 J(D k ^)M. 



3 Proof of Theorems 

In this section we prove Theorems |l.l| and 1.2. First we split the assertions into 
halves: 

(E)k'- The determinant of£x£-matrixJ(D k x) is a nonzero multiple of Q~ 2k 
and define an £ x £-matrix P 2 k by 



P 2k ^TJ(D k X )- 1 

& = Ei=l Pij 6 

{i,j)-entry of P 2k - Then & G D( 2k >(A), and D( 2k >(A) is a free S-module with 



Define £i, . . . G Der s by ^ = Y,\=i Pij & f or 1 < j < Z, where is the 
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basis £1 , . . . , £?ac/i is homogeneous of degree kh (1 < j ' < £) where h is the 
Coxeter number. 

(0)k- The determinant of I x l-matrix J(D k x) is a nonzero multiple ofQ~ 2k 
and define an I x l-matrix P 2k +\ by 



P-ik+i = rj(^ fc x)- i j(f). 

Define 9\, . . . ,81 6 Derg by 9j — p^ di for 1 < j < I, where p^ is the 

(i j)-entry of P 2k+1 . Then 9j e D<- 2k+1 \A) 7 and D<- 2k +^{A) is a free S -module 
with basis 9\,... Each 9j is homogeneous of degree kh + rrij (1 < j < I) 
where h is the Coxeter number and mi, • • • , mg are the exponents of G. 



The following theorem is a special case of a theorem due to G. Ziegler Zie, 
Theorem 11]. It generalizes Saito's criterion [Sai3, p. 270], [ prT , Theorem 4.19]. 



Theorem 3.1. (Ziegler's criterion) Let 0i,... ,8 e G D {m \A). Then they 
form a basis for D^ m \A) if and only if det [9j{xi)] i ^ = Q m . 

Lemma 3.2. For any nonnegative integer k, the assertion (0) k follows from 

Proof. One can symbolically express 

{9 u ...,9 e ) = (d u ...,d i )P 2k+1 . 



Let p(g) £ GL e (R) satisfy (|): 



9 x j = P^)i 

i=l 



We have 



g[P 2k+1 ] = . 9 [rj(C fe x)^ 1 J(f)] 

= p(g) T rp(g)p(gr 1 J(D k X )- 1 p(g)p(gr 1 J(i) = p(g) J P 2k+1 

by (H), (H) an d (||). This implies that each 9j is G-invariant because of (||): 

(gd 1 ,...,gd e ) = (d 1 ,...,d e )(p(g) T r 1 

Let H e A. Since 

t 

i=l 

each 0,- belongs to D( 2fc )(.4). Write 9j(a H ) = a^pj(x) for some Pj(x) S 5 1 . Let 
sh be the orthogonal reflection about H . Then 

af^feW] = {-a H ) 2k s H [ Pj (x.)] = s H [o$ ft-(x)] = s H [^(a H )] 
= 9-j(s H a H ) = 9j(-a H ) = ~9 3 (a H ) = -a 2 ^p 3 {-x). 
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Therefore one has 



s H [pj(x)} = -Pj(x). 

Hence Pj(x) is divisible by an and thus 9j{an) — a ^Pi( x ) & Sa 2 ^ +l . This 
implies 6j 6 D( 2fe+1 )(„4) because H 6 A was arbitrary. Recall Ziegler's cri- 
terion |3.1[ Since detP2fc+i = det(P2fc</(f)) = Q 2k+1 , we can conclude that 
61, . . . ,9 e e D 2k+1 (A) form a basis for the S-module D 2fe+1 („4). We also have 

degdj = deg& + deg(difj) = kh + m. } . 

□ 

Lemma 3.3. Let k be any nonnegative integer. Assume that (E)k holds true. 
Define an £ x l-matrix p( fc+1 ) with entries in K by 

(15) P (fc+1) := -J(f) T rj( J D fc+1 x)J(D fc x)- 1 J(f). 

Then 

(i) 6 S G , 

(ii) deg Bf 3 +1) = m, +m j -h (l<i,j<£). 
Proof, (i): Let g £ G. By §), (§) and (|), one has 

g[B [k+1) ] 

= 3 [-j(f) T rj(^ fc + 1 x)j( J D fc x)~ 1 j(f)] 

= -J(f) T ( P (. 9 ) T )-V(.9) T rp( 5 )p(.g)-V(i? fc+1 x)p( 3 )p( 5 )- 1 j( J D fc x)-V(.9)p(g)- 1 J(f) 

= P (fc+1 ). 

Thus the matrix £?( fc+1 ) is G-invariant. 

Next we will show that p( fc+1 ) is independent of choice of the basis X\, ■ ■ ■ ,xe 
for V* . Suppose that a new basis x\ , ■ ■ ■ ,x' e for V* is connected with the old 
basis Xi, ■ ■ ■ ,X£ through an invertible matrix M £ GL e (R) as (|io|): 

i 

x'j = y^MjjXj. 

i=l 

The new objects, which are defined using the new basis, will be denoted by 
r', J' etc. By (||), © and (0), one has 

p( fc+1 )' = -J'(f) T r'J'(L>' £+1 x , )J'(L' fe x , )" 1 J'(f) 

= -J(f) T (M _1 ) T M T rMM" 1 J( J D fc+1 x)MM _1 J(£) i: x)" 1 MM" :l J(f) 

Therefore p( fe+1 ) is independent of choice of X\, ■ ■ ■ ,X£. 
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Let H £ A. Then we may choose an orthonormal basis x\ — an, %2, • • • ,X£ 



for V* without affecting B^ k+1 \ Then T is the identity matrix. By Lemma 3.2 
the assertion (0)& holds. Thus each entry of the first row of J(D k x)~ 1 J(f) is di 
visible by x\ . Thus, outside the first column, each entry of adj( J(D k x)~ 1 J(f )) 
is divisible by x 2k+1 . Since det J(D k x)- 1 J(t) = Q 2k+1 each entry of 

(J(D k x)- 1 J{f))- 1 = J(f)- 1 J(D*x), 

outside the first column, has no pole along x\ = 0. The (£, j)-entry of J(f) _1 J(D k x) 
is equal to 



'£j(f)H 1 a i {D k x j ) = J2(Dx l )d t (D k x j ) = D k+1 Xj 

i=l i=l 



by (R). Thus each entry, except the first, of Z) fc+1 x has no pole along x\ = 0. 
Note that the first entry of D k+1 x has pole of order at most 2k + 1 along x\ — 0. 
It follows that each entry of J(D k+1 x), outside the first column, has no pole 
along x\ = 0. Each entry of the first column of J(D k+1 x) has pole of order at 
most 2k + 2 along x% = 0. Since each entry of the first row of J(D k x)~ 1 J(f ) is 
divisible by x\ k+1 , each entry of the product J(D k+1 x) J(D k x)' 1 J(f ) has pole 
of order at most one along an = x% = 0. So 

= - aH J({) T TJ(D k+1 x)J(D k x)- 1 J(f) 

has no pole along H . Since H ^ A was arbitrarily chosen one can conclude that 
QB^j 6 S. For any g e G, we have 

, 9 [Qi4 fe+1) ]=det( 5 )- 1 Qi#+ 1) . 



Thus QS|^ +1 ^ is an anti-invariant Bou, V. 5,5, Proposition 6 (iv)] and hence 



lies in QS G . Therefore B (k+1] g S G . This proves (i). 
(ii): By (||), we have 

degi?J +1) = degC^/i, . . . , d t fi)TJ{D k+1 x) J( J D fc x)- 1 (9 1 /„ . . . , ft/,) 
= mi — (fc + + fe/i + rrij = rrii + rrij — h. 



Lemma 3.4. For g = (gi, ■ ■ ■ ,ge) S if , we /iawe 

(»; J(£» g ) = j(Dx)j(g)+z»[j(g)], 
(a) ^[j(g)- 1 ] = -j(g)-^[j(g)] j(g)- 1 , 

fmj D[J(f)} = -J{Dx) J(f), 

^; D^g)- 1 ^)] = -j(g)- 1 jpg)j(g)- 1 j(f). 



□ 
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Proof, (i) The (i, j) -entry of J(-Dg) is equal to: 

iii 
d z (D gj ) = di(£(Dx p )(dpg j )) = '%2(diDxp)(d p g j ) + '%2(Dxp)(did p g j ) 
p—i p—i p—i 

i 

= ^2( d i Dx p ) ( d v9j )+D(digj), 
P =i 

which is equal to the (i,j)-entry of J(Dx) J(g) + Z?[J(g)]. 

(ii) follows from: 

= D[J( S ) J(g)- 1 ] = D[J( S )] Jig)- 1 + J(g)^[J(g)- 1 ]. 

(iii) Let g = f in (i) to get J(Df) = J(L>x) J(f) + D[J(f)]. Apply 

J(Df ) = J(Df u Dfi) = J(0, . . . , 0, 1) = 0. 

(iv) By (i), (ii), and (iii), one has 

DiJigy 1 J(f)] = -J(g)- 1 I?[J(g)] J(g)- 1 J(f) + J(g)-^[J(f)] 
= - J(g)- 1 (J(Ug) - J(Ux)J(g)) J(g)- 1 J(f) - J(g)- 1 J(Dx) J(f) 
= -JCg)- 1 ^)^)- 1 ^. 



□ 

Lemma 3.5. Lei /c be any positive integer. Assume that (E)k-i and (E)k both 
hold true. Define BW and as Then 

£f(*+l) _ #(*0 = ^(1) + (s(!)) T . 
/n particular, B^ k+1 ^ — B^ k ' is a symmetric matrix. 
Proof. Since B ( t f 6 S" 3 and 

degB| fe) = mi + rnj - h < (h - 1) + (h- 1) - h = h - 2 < deg/^ 



by Lemma 3.3, each entry of B^ lies in K[/i, . . . , ft-i]. Thus 

= D[B {k) ] = D[-J(t) T TJ(D k x)J(D k - 1 x)- 1 J({)] 

= -D[J({) T }TJ{D k ^)J{D k - 1 x)- 1 J{f) - J(t) T TD[J(D k X )}J(D k - 1 *)- 1 J{f) 

-j(f) T rj(^ fc x)^[j(^ fe - 1 x)- 1 j(f)] 

= -^[J(f) T ]rj(D fc x)J(^ fe - 1 x)- 1 J(f) - J({) T TD[J(D k x)]J(D k - 1 x)- 1 J{f) 
+J(t) T TJ(D k x)J(D k - 1 x)- 1 J(D k x)J(D k - 1 x)- 1 J(t) 

by Lemma |1| (iv). Multiply J(f)" 1 J(L» fc " 1 x) J(D fe x)- 1 J(f) on the right side 
and we get 

= -D[J(f) T ]rj(f) - J(f) T TD[J(D k x)] J{D k x)- 1 J(f) - flW. 
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Since 

D[J(i) T 
by Lemma 



-J(f) T J(L>x) T and D[J(D k x)] = J(L> fc+1 x) - J(L>x) J(L» fc x) 
(iii) and (i), we finally have 

= -(B< 1 )) T +#+ 1 '-B< 1 )-#. 



□ 



Lemma 3.6. Let k be a nonnegative integer. Suppose that (E)q, (-E)i, . . . , (-E)fc 
are all true. Then 

(i) S( fc+1 ) = (k + l)flW + k(B^) T , 

(ii) detS( fe+1 ) zs a nonzero constant. 



Proof. Using Lemma B.5 repeatedly we have (i) 



Write B = B^> for simplicity. The shape of B is known [SoT, Lemma 3.9] 
as follows: 

Case 1): If G is not of type D; with I even then 



(16) 

where 
(17) 



B = 



( o 









Bl-l t 2 





B2J-1 

Bi-1,1-1 
B11-1 



Bu \ 

B21 

Bi-ij 
Bu ) 



Bij = 
Bij G 

rriiBij = mjB jt 



if i + j < I + 1 
if i + j = 1 + 1 
if i + j = 1 + 1. 



Case 2): If G is of type D/ with / = 2p then the 2x2 block in rows and 
columns p, p + 1 of the matrix (|l6| ) - the center of the matrix - is to be replaced 
by a 2 x 2 block 



Bn = 



B 
B 



B, 



B 



p+i.p+1 



with constant entries, where -B PlP +i = -S p +i iP and det Bo £ R*. The statement 
(0) still holds true outside the 2 x 2 block B . 

Therefore, by (i), we can verify the following statements: 

Case 1): If G is not of type D; with I even then 



B^ = 
R (fc+i) _ 

ij 



if i + j < I + 1 

1} = (k + VjBij + kBji = (k + l + ^) B tj el* if i + j = 1 + 1. 
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Case 2): If G is of type D; with I = 2p then the 2x2 block B^ k+1 ^ in rows 
and columns p,p + 1 of the matrix 2?( fc+1 ) is 



with constant entries, where detB^ k+1 ^ £ R*. The statement ( |T7| ) holds true 
outside 

In both cases we conclude det£( fe+1 ) £ K*. □ 

Remark 3.7. (i) From what we know about the shape of B^ in the proof of 
Lemma B.6 , we know that the symmetric matrix B^ + (B^) T has also nonzero 



constant determinant for each positive integer k. Since 

B (i) + ( B (i))T = j(f) T rj D[J(f)] + D[J({)} T TJ({) = J D[J(f) T rj(f)], 

its (i, j')-entry is equal to the Yukawa coupling [ ]Sai5| , 5.3] of dfi and d/j. There- 
fore £?W can be considered as an asymmetric "half" of the Yukawa coupling 
which is symmetric. The matrices B^ are considered to be higher versions of 
in the sense that we iteratedely use the primitive derivation D to define 
them. 

(ii) Basic invariants fx,...,ft are said to be flat generators when the matrix 
B^ + (B^) T = D[J(t) T TJ(f)] is a constant matrix. Flat generators always 
exist pai2| . They give a linear structure on the quotient variety V/G, which is 



a Frobenius manifold structure [Man, III. §8] 



Proof of Theorems 1.1 and l.L Thanks to Lemma 3.2 it is enough to verify 
(E)k for k > 0. We prove (E)k by induction on k. The assertion (E)o is trivially 
true because 

DM (A) = {9e Dcr s | 9{a H ) £ 5} = Der s 
and Po = r. In this case £j(xi) = (xj,Xi) and deg£j = for 1 < j < I. Suppose 



that (E)o, (E)i, . . . , (E)k are all true. We will show (E)k+i- By Lemma |3.6 
detB( fc+1 ) is a nonzero constant. Since 

B {k+1) = -J(f) T TJ(D k+1 x.)J(D k x.y 1 J(f), 
det(J(L> fc x)) = Q- 2k , 
det(J(f)) = Q, 

we obtain 

det(J(D* +1 x)) = Q- 2k - 2 . 
Let P 2k+2 = TJ{D k + 1 ^)- 1 and (&,...,&) = (&,..., ft)P 2fe+2 . Then 
deg& = - deg(d l D k+1 x j ) = (k + l)h 
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for j = 1, . . . ,£ by M). Hence, in order to verify (E)k+i, it suffices to show that 
each £j belongs to D^ k+2 (A) thanks to Ziegler's criterion 3.1. First we will show 



how are affected by choosing a different basis for V. Suppose that a 

new basis x 1 -^ , . . . , x 1 ^ for V is connected to the old basis x\,...,Xi through an 
invertible matrix M e GL e (R) as @. Then, by @, @), and (Q), we obtain 

= (a 1 ,...,9;)r'j'p fc + 1 x')- 1 

= . . . , d £ )(M T )- 1 M T TMM- 1 J(D k+1 x)- 1 M 

= (ei,...,e«)M. 

In other words, £1, . . . ,^ satisfy the same base change rule as x = (x\, . . . , xi). 

Let H <E A. Then we may assume that x\ — an, X2, ■ ■ ■ ,xi are an orthonor- 
mal basis. It is enough to s how that £j(x\) <E Sx 2k+2 for each j. Since (O)fc fol- 
lows from (E)k by Lemma |3.2| , each entry of the first row of J(D k+1 x)^ 1 J( f) is 



divisible by ar^" 1 . By the exactly same argument as in the proof of Lemma |3.3| , 
we know that each entry of J(D k+1 x), except the first column, has no pole 
along x\ — 0. Thus each entry of the first row of adj J(D k+1 x.) has no pole 
along x\ = 0. Since det J(D k+1 x) = Q~ 2k ~ 2 , each entry of the first row of 
J{D k+1 x)- 1 is divisible by x 2k+2 . This implies ^(xi) £ Sx 2k+2 for each j. 
Thus (E)k+i holds true and the induction proceeds. This completes the proof 



of Theorems 1 . 1 and 



Example 3.8. (The case B2) Let us explicitly calculate J(Dx), P3, £^ , £^ 
when A is of type B2 . Let x\ and xi be an orthonormal basis and 

fx = \{x\ + xl), h = \(x\ + x$). 



Then 



Pi = J(f) = 



X\ x\ 
x 2 x\ 



Choose Q — det J(f) = x\X2{x\ + £2) (£2 — x\). Since 



_! _ 1 / X\ -x\ 



one has 



J(f) =0\ r r 



n x 2 „ , Xi I x 2 xi 

D = -Q d ' + Q d » DX= -{q'Q 

_ 1 / {ix\-x 2 )x\ 2xlx 2 
J ^ x >-Q2[ 2x Y x\ x 2 (x 2 -3xl 



P 3 = J( J Dx)- 1 J(f) 

'-(1/3)S?(X? - 5x2) _(l/ 3 ) a; 3 (a .4 _ 3a , 2a ,2 _ 2x 4)X 

(l/3)xi(5x? - xi) (1/3)^1(2^ + 3x 2 x 2 _ x § 
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Thus the basis £p\^ 3) for D^{A) are given by 

Ci 3) = -(l/3)x 3 1 (x 2 1 -5x 2 2 )d 1 + (1/3)^(5^-^1)52, 

^ 3) = -(l/3)xl(xf -3xlxl -2x$)d 1 + (l/3)xl(2xf+ 3xlxl -x%)d 2 . 

We have the following alternative inductive expression for the matrices P„ 



in Theorem 1.1 using the matrices B^ k ': 



Proposition 3.9. For any nonnegative integer m, we have 

fr (i/m = 0), 

P m = < P m -iJ(f) (ifm is odd), 

I — P m _i(i3^ m / 2 - ) ) _1 P 1 T (ifm is positive and even ). 

Proof. Only the third formula needs to be verified. Let m = 2k. Compute 

-p 2k - 1 (B^r i p? 

= -rj{D k - 1 X )- 1 J({)(-J(i) T TJ(D k x)J(D k - 1 ^)- 1 J(i))- 1 J(i) T r 



= TJ{D k x)- 1 = P : 



2k- 

□ 



Example 3.10. (The case B^) Let G be the Coxeter group of type acting 
on an ^-dimensional Euclidean space V by signed permutations of an orthonor- 
mal basis ei, . . . ,ee- Let x\, . . . ,xi be the dual basis for V* . Then T is the 
identity matrix. Define 



ft = fi{xi, . . ■ ,x t ) = xf 
for 1 < i < £. We will use the basic invariants fi,...,fi- Then 

Pi = m 



' X\ X-y ' ' ' 



\^X £ X £ ' ' ' X p J 

For i > let 

hi(xi, . . . ,xt) = 2J xl l'" x 7 

iiH Ht =i 

be the i-th complete symmetric polynomial. Let 

h % = hi(xi, ... ,Xi) = hi(x\, ... ,xj) . 
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Then hi is a G- invariant polynomial of degree 2i. Define hi(x\, . . . ,X() = if 
i < 0. In [}5oT[ §5.2], was calculated as: 



4 1) = (2j-l)^ +J _,_ 1 (x 1 ,... ,x t ) 



for 1 < i,j <£. Then, by Lemma 3.6, we have 

B$ = kB\f + (k - l)Bf = {k(2i + 2j - 2) - 2i + 1} hi+i-^-i^i. ■ • • 
for 1 < i,j < £ and k > 1. We can inductively calculate P m using Proposition 



3.9 
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